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Odd covers and b2(G)
Let G = (V,E) be a simple graph. An odd cover of G is a collection of bicliques (complete
bipartite graphs) on subsets of V with the property that uv ∈ E if and only if uv is in an
odd number of bicliques. (The corresponding problem when the graphs in an odd cover are
cliques is studied in [3].)

Let b2(G) denote the minimum cardinality of an odd cover of G. For example, we have
b2(2K3) = 3; a minimum odd cover of 2K3 is depicted below.

= △ △

General lower bound ([2]). For any graph G,

2b2(G) ≥ rankF2(A(G)).

Idea of proof. First, if G1, . . . , Gk are bicliques (along with isolated vertices) which form
an odd cover of G, then A(G) =

∑
A(Gi) mod 2. Second, matrix rank is subadditive.

Complete graphs
The “odd cover problem,” a variation of the Graham-Pollak problem, was posed by Babai
and Frankl [1]: What is the minimum number of bicliques which cover every edge of Kn an
odd number of times?

The authors of [5] noticed the following odd cover of K8 and solved the odd cover problem
for an infinite but density-0 set of integers.

= △ △ △

Theorem ([2]). For any positive integer n,⌈n
2

⌉
≤ b2(Kn) ≤

⌈n
2

⌉
+ 1.

In particular, b2(Kn) = ⌈n/2⌉ when 8 | n or n ≡ ±1 mod 8.

Conjecture ([2]). For n ≥ 2, b2(K2n) = n if and only if 4 | n, and b2(K2n−1) = n.

Bipartite graphs

Theorem ([2]). If G is bipartite, then

2b2(G) = rankF2
(A(G)).

Furthermore, there exists a minimum odd
cover of G that respects its bipartition.

Let τ(G) be the vertex cover number of G.
For any forest F , it is known that
rankF2

(A(F )) = τ(F ) [4].

Corollary ([2]). For any forest F , we have
b2(F ) = τ(F ).

Figure: A minimum vertex cover of a forest
(in orange) induces a minimum odd cover.

Corollary ([2]). For n ≥ 2, b2(C2n) = n− 1.

Figure: A minimum odd cover of C8. A
construction for C2n is left as an exercise.

Odd cycles
Theorem ([2]). For n ≥ 2, b2(C2n−1) = n.

Unlike C2n, minimum biclique partition of
C2n+1 is a minimum odd cover.

An upper bound and Tk

For any graph G with rankF2(A(G)) = 2k,
there exists an n× 2k matrix M such that

A(G) = M
(
⊕k

1 (
0 1
1 0 )

)
MT . (1)

There is a collection of k tricliques associated
toM whose symmetric difference of edge sets
is E(G). Since each triclique can replaced by
two bicliques, we obtain the following.

General upper bound ([2]).

b2(G) ≤ rankF2(A(G)).

The graph Tk, whose adjacency matrix is
given by (1) when M is the n × 22k matrix
whose rows are all distinct vectors over F2 of
length 2k, is well-known.
The rank over F2 of A(Tk) is 2k, and our
general upper bound is tight for T1 and T2.
For larger k, we have

b2(Tk) ≥ log3(4) · k,
but we conjecture b2(Tk) = 2k for any k.

T2 =
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